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On complete open manifolds of positive curvature By DETLEF GROMOLL* and WOLFGANG MEYER Let M be a complete riemannian manifold of dimension n > 2 with sectional curvature Ko > 0 for all tangent planes a. Many efforts have been made to determine the topological structure of M. The most significant results were obtained when K0 > a > 0, then M is necessarily compact by a classical theorem of Myers. In the alternative case, when K is not bounded away from zero for all planes and hence M open, only very little was known. We are going to study the latter situation in this paper, and we assume from now on that M is not compact. As a main theorem we state that M is contractible and furthermore diffeomorphic with euclidean space R7 for almost all dimensions. Therefore, the classification problem for complete open manifolds of positive curvature has a surprisingly even solution.
The announced result is related to a result of the first author in [10] , according to which a compact riemannian manifold of positive curvature with non-empty convex boundary is diffeomorphic with the standard disc. While in that case the boundary condition of convexity has stronger implications than the compactness of a manifold without boundary, the behavior of the open manifold M at infinity somehow replaces that boundary condition. Essentially, the theory of convex sets in riemannian manifolds provides some new tools and important links.
In the course of our investigation we are also dealing with various other more geometric aspects such as questions about the isometry group of M and the global behavior of geodesics.
1. Poles and the end structure of M For all basic concepts and tools in riemannian geometry that will be used without comment, we refer to [9] . Compare also Preissmann [15] in connection with this section.
Among the complete open positively curved manifolds, convex hypersurfaces in euclidean space are known best and have been studied intensively in the theory of convex bodies. Assume there is an isometric immersion M-+R ~1. Then necessarily, M is imbedded as a closed hypersurface and bounds a convex body diffeomorphic with the half-space R++1 = {a e R7+, anal a O}, M aRn+' = R . This follows from Stoker [18] for n = 2, and Heijenoort [12] in arbitrary dimensions. In this special situation therefore, M can be realized as the graph of a non-negative strictly concave differentiable function f: RI -R in Rn+1 up to isometry, where strict concavity of f means in an equivalent formulation, the hessian form of the second derivatives DDjf, or the second fundamental form of M with respect to the unit normal vector field pointing away from Rn+1 is positive definite everywhere. But, of course, in general an isometric imbedding of M as hypersurface in Rn+1 does not exist even locally for n > 3, and the possibility of realizing M isometrically in Rn+k with large codimension k according to the Nash theorem, has not been of any help as yet for intrinsic problems concerning relations between curvature and topology of riemannian manifolds. In the case n = 2, isometric imbeddings of M in R3 do always exist locally and, as soon as it is known that M is diffeomorphic with R2, also exist globally by a theorem of Alexandov in [1] . For details in the foregoing context see Busemann [3] .
We call the point p e M a pole if the exponential map expp: Mp M is a submersion or has maximal rank all over the tangent space Mp of Mat p, then expp is a covering map and thus a diffeomorphism when M is simply connected. We will see that the poles form a compact set P c M. The existence of a pole in M obviously has very strong topological and geometric consequences. Unfortunately, P is empty in general, one cannot find a canonical diffeomorphism between the universal riemannian covering space of M and RI by means of the exponential map or "polar coordinates" as in the Hadamard-Cartan theorem, where the sectional curvature of M is non-positive and hence P= M.
Even for surfaces M in R3 which are explicitly defined by simple equations, it is not at all an easy problem to decide how geodesics behave in the large, and whether or not some point of M may belong to P. In this respect very simple manifolds M are furnished by open convex surfaces of second order in R3, namely paraboloids and hyperboloids. Here the differential equations for the geodesics can be integrated in terms of elliptic functions, in special cases by exponential functions. P is not empty, it always contains the two umbilics of M, which coincide if M is a surface of revolution. For paraboloids any other point does not belong to P, but hyperboloids supply a larger set of poles, a full neighborhood of the umbilics, with one or two connected components, depending on the ratio of the axes, compare von Mangoldt [14] .
Perhaps the simplest, yet fairly instructive example for a complete open manifold M of positive curvature, where the following general constructions can be carried out rather explicitly, is the paraboloid of revolution (1) z=x2+y2 inR3 with curvature K, = K = (Z + 1)-2, P consists only of the umbilic, the origin 0, as we mentioned before. All regular geodesics c: R -M can be described in the following way. There is exactly one parameter value to such that c(to) is closest to 0. If c(to) = 0, then the image of c is a meridian, the intersection of M with a plane in R3 containing 6(to) and the z-axis. Otherwise c touches the parallel circle through c(to) and winds around M, intersecting itself infinitely often along either branch of the meridian through c(to) ,when to < t -oo and to > t -A, while the z-coordinate grows very fast monotonically. The restriction of the geodesic c to [t1, oA) has a conjugate point for any t1 < to, but not for t1 ? to.
We now give an example for a complete open manifold of positive curvature without poles. Consider the paraboloid M defined in (1) . By perturbing the metric of M slightly, we can destroy the injectivity of the exponential map expo at the only pole 0 in M without creating new poles. geodesic from p to 0 in M is a meridian of M beyond 0, so has a conjugate point. For p e M -D we can find a branch of a meridian through p which does not enter D, therefore geodesics starting at p with nearby initial directions will also not enter D, and hence will intersect the meridian.
From the structure of this example the existence of poles seems to be extremely rare. However, we shall see later that there are always points in our situation which replace poles on the loop space level in some weaker R which assigns to each point of the unit sphere S c M, the distance from the origin to the tangent cut locus CP of MP in that direction, R two point compactification of the real numbers. The set s-1( o) of ray directions at p is closed in S and not empty, since otherwise CP and hence M are compact. Of course, several rays may emanate from p, even in all directions, if and only if p is a pole. The paraboloid (1) furnishes an example with exactly one ray from p to oA, up to parametrization, p # O.
A line in M is a geodesic c: R M that will be a ray when restricted to I a, 00) for arbitrary a e R, in other words, a line is infinite to both sides and realizes the distance in M between any two of its image points. In general lines need not exist, in the case that M simply connected and the sectional curvature K < O all normal geodesics R EM are lines, the flat cylinder S' x R has some lines, while its flat non-orientable subcovering, the Moebius strip, contains no lines at all, neither does the paraboloid (1) . And the same fact carries over to our problem when K > 0. Before going into this we prove a basic proposition. We can assume to = 0. For a: = r/(n -1) we have the normal solution p of (2) with zeros -Z1 < 0 < Z2, choose orthonormal parallel vector fields Xi * ... , X,1 along c, <Xi, c> = 0. We show, I(pXi, AXE) ? 0 for at least one 1 < i < n -1, where I denotes the index form of c restricted to [-z, z2j then the first assertion is obvious for any r > max (zx, Z2). Since (2) with a: = m has zeros -1 < 0 < Z2. Restrict c again to [-z1, z-2] , there the index form I is negative definite on the (n -l)-dimensional linear space of vector fields qX, where X is parallel along c, <X, c> = 0. If II XI = 1 and k(t): = Ko, a spanned by X(t) and c(t), then
Therefore Ind c > n -1, whenever r > max (zr, Z-2) We have as immediate consequence that there exist no lines in M, as soon as the Ricci curvature is everywhere positive. Furthermore, when Ricci curvature or sectional curvature is non-negative, then r or K must vanish identically along any line c in M. The same arguments apply to another situation as well, when M is a Kahler manifold with complex structure J and positive holomorphic curvature. The vector field J6 is parallel along a geodesic c: R -M, and the normal solution q' of (2) with respect to the holomorphic curvature in direction c has two zeros, so M does not contain a line.
We formulate a slightly more general version of Lemma 1, assume K > 0. In the following Qpq always denotes the space of all sectionally smooth paths [0, 1] -M from p to q, as it is used in standard Morse theory. LEMMA 2. Let C c M be compact. There is a compact set D D C such that any geodesic in f2pq which meets C has index at least n -1 for all p, q e M -D.
PROOF. We proceed as in the second part of the proof in Lemma 1, but choose the function m universal for all normal geodesics c: R -M, c(0) E C, this is possible, since C compact. Now we may take for D the set of all points having distance < r from C.
Associate with any connected non-compact manifold M its set w0( C'0) of ends in the sense of Freudenthal, r0( oo) can be described as a limit set of the inverse system wr(M -C) of path connected components for all complements M -C, C compact. r0( oo) is not empty and may be infinite. We call M connected at infinity if M has only one end, that is to say, for any compact set C c M there is a compact set D D C such that M -D connected. For example, euclidean space RI is connected at infinity for n > 2, a cylinder N x R has two ends, N compact. Define two sequences to diverge to oo in the same end of M, if for arbitrary compact C almost all their points belong to one connected component of M -C.
With M complete riemannian and p e M, there always exist rays from p to in any given end, simply take a limit of segments from p to p, as before, where p, is a sequence diverging to in that end. Furthermore, two different ends A, B e wc(oo) determine at least one line c in M joining A and B. For from the definitions we find a compact set C and sequences p,, q, E M -C, divergent in A, B respectively, so the p, and q, lie in different path components of Similarly, a complete non-compact Kihler manifold with positive holomorphic curvature has only one end. For example, M= Si, x R does not admit a complete metric of positive mean curvature, though the sectional curvature of its natural product metric is non-negative. So, the above result will not hold for non-negative Ricci curvature in general, even when K > 0 but in that situation it follows from a theorem of Toponogov in [19] . If M is not connected at infinity, then M is rigid and splits isometrically into N x R, where N is compact, therefore M has at most two ends, compare also [5] .
We finally observe that the set P of poles in M has to be compact, when the Ricci curvature is positive or M kihlerian with positive holomorphic curvature; in fact, whenever the universal riemannian covering M of M does not contain a line. It suffices to assume, M simply connected, M = M, since the set of poles in M projects onto P. Thus P = d-'(o), where d: My R denotes the continuous function that assigns to p e M the injectivity radius dp of the exponential map expp, and P is a closed subset. We have to show P is also bounded. Otherwise choose q e M, a divergent sequence of points q # p, e P, and consider the rays c>: [- 
Half-spaces and totally convex sets
In [6] and [7] , Cohn-Vossen studied in detail the global behavior of geodesics on complete open surfaces of positive curvature, compare also Busemann [2] . His beautiful and partly delicate analysis makes constant use of the Gauss-Bonnet formula for polygons. Although such techniques are definitely confined to surfaces, the most interesting results of Cohn-Vossen do have generalizations in higher dimensions. The key tool there is a minimum principle for distances along geodesics to far points, this will lead us to strong convexity conditions.
A X parallel field along c, X(0) = 60(s0). Hence c cannot minimize the distance from q to c0 locally.
As a first application of this lemma we have, there exists no totally geodesic immersion of a compact manifold into M, especially all periodic geodesics are constant.
We introduce two basic notions. Call a non-empty subset A of a complete riemannian manifold M totally convex, if A contains the image of every geodesic c E Qpq for arbitrary p, q e A. Any non-empty intersection of totally convex sets is again totally convex. It is not difficult to show that a closed totally convex set A carries the structure of a k-dimensional topological submanifold with closed boundary MA in M, 0 < k < n, the interior points form a totally geodesic submanifold, the possibly empty boundary has unique supporting (k -l)-dimensional tangent planes at all points of a dense subset in MA. One can prove, the inclusion A c M is a homotopy equivalence, at least when A is compact, therefore M may be the only totally convex subset, this always happens in the case of compact manifolds, the euclidean sphere S' furnishes an obvious example. Compare [5] and [11] for further details.
Let c: [0, o) -M be a ray, p: = c(O). Consider the open metric balls B,(t): =-{q e MI p(c(t), q) < p(c(t), p)} about c(t) with radius p(c(t), p), t > 0.
It follows immediately from the triangle inequality that PROOF. M -Be is not empty, since c(0) X Be. Suppose, there exists a geodesic c0: [a, ,8] M and c0(a), c0(i3) e M -Be, c0(s0) e Be for some so e (a, ,8). We find t, > 0, c0(s0) e B,(t,), and t2 > t, according to Lemma 3 such that c0 is concave with respect to c(t2). But c0(s0) e Be(t2) by (3) , so the function s p(c0(s), c(t2)) would assume its absolute minimum at an interior point of kxofl ].
We mention, though Lemma 3 is no longer necessarily true for K > 0, say with M euclidean space, the last result, which essentially stabilizes the concavity of far geodesics, remains valid in that situation. One can modify the above arguments using Toponogov's comparison theorem for angles, see [5] .
Another remark is that M -B. may be compact or not, on the paraboloid (1) only the pole 0 and all compact metric balls centered about 0 arise as complements of half-spaces, but in general the shape of half-spaces is highly more complicated, a sheet of the convex rectangular hyperboloid of revolution provides an example where M -B, unbounded. Now we describe a basic construction for compact totally convex sets with respect to a point p in M. Consider the union B: = UC B, of all half-spaces for rays c emanating from p, certainly M -B= fn (M -B) is a closed convex set containing p in its boundary. But M -B must also be bounded and hence compact, because otherwise by convexity we would find a sequence of segments starting at p and converging to a ray in the closed set M -B, which is impossible, since all rays from p to oo run in B. In fact we obtain a more general engulfing theorem for compact subsets of M.
LEMMA 5. Any compact set C is contained in a compact totally convex set D. There are even continuous filtrations of M by compact totally convex sets, see [4] , [5] . Only a very few totally convex sets can be obtained from the canonical construction in Lemma 5, the totally convex hull of any point p # 0 on the paraboloid (1) for example, never arises.
Some totally convex sets are of specific significance. Suppose, p e M is totally convex. We will call p a simple point in M, because the exponential map expp covers p just once. The existence of such a point has strong topological implications, the loop space Qpp and hence M must be contractible by standard Morse theory. We are now in position to get complete information about the homotopy type of M. THEOREM 2. The set S of simple points in M intersects every compact totally convex set C. Therefore S # 0 and M is contractible.
PROOF. Choose a compact set D D C according to Lemma 3. Since C is compact, we can define a mapping h: M-DISC, p(q, h(q)): sup{p(q,p) p e C}.
Clearly h(q) is unique and simple because of the concavity of all geodesics in C with respect to q.
We shall later discuss further questions about the topological structure of M, but append some other remarks in this context. The map h in the last proof, which associates with every point sufficiently far away from C its farthest point in C, is non-constant in general and continuous. There exists a distinguished simple point in C at maximal distance from the boundary AC, the soul of C in the terminology of [4] , [5] . Notice that S contains the compact set P of poles as a proper subset by Lemma 7. So there are always points p in M whose tangent cut locus is not empty and intersects the conjugate locus at a point closest to the origin of Mp. Compare results and questions of Weinstein [20] for compact manifolds in this connection.
Symmetries and the global geometry of geodesics
This section deals with some geometric problems that are of particular interest. Consider the group G of isometries with the compact-open topology, acting on M. G is a not necessarily connected Lie group by the general theorem of Myers-Steenrod. Contrary to the case K i 0, it will turn out that G has to be compact. Note first, G cannot act transitively on M, since K is not bounded away from zero. Though M is never homogeneous, large isometry groups may occur. No discrete subgroup F c G acts freely on M, otherwise the orbit space M/F with the induced riemannian structure would be a non-compact complete manifold of positive curvature again, hence M/F is contractible according to Theorem 2, but the fundamental group of M/F is just F. Moreover, we prove a stronger result. Since compact G-invariant sets do exist, G is compact. It remains to construct a fixed point of G in any closed totally convex set A c M, we may assume that A compact. G leaves the boundary AA of the topological manifold A invariant, so the unique point p farthest away from AA in A, p(p, AA) sup {p(q, AA) I q e A}, is fixed under G and also simple.
There is a parallel classical theorem of E. Cartan about fixed points for compact groups of isometries acting on a complete simply connected manifold of negative sectional curvature, see [13] . For any fixed point p of G we get a faithful representation G -0(n) by mapping g e G into its differential at p, 0(n) is viewed as the orthogonal group of MP. In the most symmetric case, G 0 0(n), one can easily construct an 0(n)-invariant isometric imbedding of M as convex hypersurface of revolution in euclidean space Rn+'. Now we turn to the study of geodesics and start with deriving a fundamental estimate. LEMMA 6. Given any compact set C c M, there exists a bound X such that the length of any geodesic in C is less then X.
PROOF. Suppose we find a sequence of normal geodesics c,: [-v This solves a problem of Chern posed in [8] .
As another corollary of Theorem 4 we have the number of geodesics in q2pq is finite for all p, q e M, except possibly when 12pq degenerate or q critical value of expp. It is well known from Sard's theorem that for given p the set of points q where Qpq degenerates, has measure zero in M.
The last result implies again that M contractible, see Serre [16] . Of course, in general there may be infinitely many geodesics in a non-degenerate loop space 12pq of a contractible complete riemannian manifold, already when K > 0. The example of the paraboloid (1) shows that the bound for the number of geodesics in Qpq need not be uniform in p, q. It follows from the Morse inequalities that = (-)"c, = 1, where c, the number of geodesics of index v in Qpq, hence the total number of geodesics in f~pq is always odd. Combining this with Lemma 2 and (5), we find a compact set D c M such that for arbitrary p e M -D there is an unbounded subset of points q e M for which &lpq contains at least three geodesics.
We do not emphasize a more quantitative approach to the global behavior of geodesics in this paper, but a few further remarks may be interesting. If there exists a pole p in M, then it follows easily from the proof of Lemma 2 that the differentiable function t -p(p, c(t)) has positive second derivative, hence is strictly concave on R, compare also [15] . In general, when the set P of poles empty, a similar statement need no longer be true. However, by looking at geodesics from the inverse viewpoint at infinity and using the con- We do not know very much about S. The fact that S open was stated by Cohn-Vossen [7] in the case of surfaces, but he never published his presumably more complicated proof. One obtains immediately, from the Gauss-Bonnet theorem, S = M if the total curvature of M is not larger than w, otherwise Cohn-Vossen showed that S has to be bounded. Further investigations in higher dimensions would be interesting. There is another set of points which seems to be of some importance for the geometry of M. We call a ray c: [a, o) ) M extremal and c(a) an extremal point if c cannot be extended to [a., oo) as a ray for any a0 < a. Since M does not contain lines, every ray determines an extremal point. There may exist only one such point p in M as on the paraboloid (1), in this very rare case p is a pole and P = {p}. In a vague sense, the set of extremal points can be viewed as the cut locus from infinity, the extremal point c(a) has similar properties as a finite cut point. If c(a) and oo are not conjugate with respect to c, that is to say, the continuation of c to [a., Ao) has no conjugate points for some a0 < a, then another ray starts at c(a) in a different direction. Moreover, using arguments fairly analogous to those of Berger's well-known lemma, compare [9, Lemma 7.8.1], one can show that there exists a simple point p e S such that for all directions v e MP we find a ray c: [0, cc) -*M with <c(0), v> > 0. Hence, either there is a double ray based at p (two rays from p to oo making the angle w) or at least three distinct rays emanate from p. One may choose for p a point farthest away from 0o, namely the soul of any compact totally convex set C arising from the basic construction with respect to a point. 4 . The differentiable structure of M We have seen in ? 2 that M is a contractible manifold. Without further information, this does not necessarily imply M has the same topological type as euclidean space R". There exist even uncountably many contractible 4-dimensional manifolds which are mutually not homeomorphic, they all differ in their behavior at infinity. However, in our situation we will prove THEOREM 5. M is diffeomorphic to Ra.
For two dimensions this result is due to Cohn-Vossen, and follows from the contractibility of M via the classification of surfaces. In general M is called simply connected at infinity if for any compact set C there exists a compact set D D C in M such that M -D is simply connected. Similarly to the set r0(ao) of ends one can always define the fundamental group r1(Cc) of M at infinity when M has one end, but we do not need the entire concept. Euclidean space RI is simply connected at infinity if n > 3, but not for n = 2. Now by the affirmative answer to the generalized Poincare conjecture, a contractible differentiable manifold M is diffeomorphic to RI if M simply connected at infinity (at least for n > 5), compare Stallings [17] . By applying this theorem to our problem, we shift some of the difficulties to topology, which is not really necessary. In fact, Theorem 5 can be proved directly for all dimensions using special continuous filtrations of M by totally convex sets and explicit geometric constructions; in particular, it turns out that all compact totally convex sets are topological discs. This approach is somehow more satisfactory, but technically too involved for our purposes here; it will be presented within the framework of subsequent papers, see [4] , [5] , [11] .
In order to prove Theorem 5 (for n > 5), we show M is simply connected at infinity, which according to Lemma 5 follows from LEMMA 8. The complement M -C of any compact totally convex subset C of M is k-connected for 0 < k < n -2. large t, notice that I I X is bounded away from zero on F(Dk+l) n W and exp (tXq) i C for all q e M -W, t > 0, since C is totally convex. This completes the proof. Our study of complete positively curved manifolds has been a qualitative analysis in a large part. Many further natural questions arise concerning the global metric structure of such riemannian spaces, we only mention one of them. The curvature of M seems to be concentrated in finite domains. What is a proper and more precise description of this phenomenon? For example, the total curvature of M always exists and does not exceed the area 2wr of the standard euclidean hemisphere in the case of surfaces. It might be reasonable to conjecture that an analogous result holds in even dimensions for the total curvature with respect to the Chern integrand.
The basic constructions of this paper have been further developed and generalized by Cheeger and one of the authors. In connection with some other new techniques, they also provide a key to the more complicated structure theory for complete manifolds of non-negative curvature, see [4] , [5] . Whether similar or modified methods may be applied to manifolds of positive Ricci curvature as well is as yet rather doubtful since positive mean curvature only leads to much weaker partial convexity conditions, as does positive holomorphic curvature for Kahler manifolds.
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